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On the Two-Dimensional Coulomb Gas
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This is a sequel to a recent work of Gaudin, who studied the classical
equilibrium statistical mechanics of the two-dimensional Coulomb gas on a lat-
tice at a special value of the coupling constant I” such that the model is exactly
solvable. This model is briefly reviewed, and it is shown that the correlation
functions obey the sum rules that characterize a conductive phase. A related
model in which the particles are constrained to move on an array of equidistant
parallel lines has simpler mathematics, and the asymptotic behavior of its
correlation functions is studied in some detail. In the low-density limit, the
lattice model is expected to have the same properties as a system of charged,
hard disks; the correlation functions, internal energy, and specific heat of the
latter are discussed.

KEY WORDS: Coulomb systems; solvable models; correlations; sum rules;
charged, hard disks.

1. INTRODUCTION

A considerable amount of work has already been done on the equilibrium
statistical mechanics of the two-dimensional Coulomb gas with logarithmic
interactions: the interaction potential between two particles as a function of
their distance r is +e?In(r/a), where a is some arbitrary length scale, which
fixes the zero of energy. At the inverse temperature f the dimensionless
coupling constant is "= fe® In this paper we consider a two-component
plasma; then the attraction between oppositely charged particles competes
with the thermal motion and gives rise to two kinds of phenomena that do
not occur in a one-component plasma. In the first place, at short distances
this attraction makes the partition function diverge when I"> 2: the system
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becomes unstable against the collapse of pairs of oppositely charged par-
ticles, so that the point-particle model”) is well-behaved only for I'<2.
However, if the collapse is avoided by some short-range repulsion (hard
cores, for instance), the model remains defined for lower temperatures.
Then, for I'>4 the long range of the Coulomb attraction binds positive
and negative particles in pairs of finite polarizability. Thus, at some critical
value I',~4 the system undergoes the Kosterlitz—Thouless® transition
between a high-temperature (/"<4) conductive phase and a low-tem-
perature (/"> 4) dielectric phase. In the present paper, which is about the
Coulomb gas at I'=2 (a value for which the system is believed to be in a
conductive phase), the Kosterlitz—Thouless transition will not be discussed
further.

It has been known for some time that the two-dimensional Coulomb
gas is equivalent to a Fermi field model,*’ which turns out to be a free
one when [I'=2. However, the necessity of introducing a short-range
repulsion causes difficulties. In a recent paper, Gaudin® was able to
circumvent these difficulties by studying a lattice version of the Coulomb
gas, which he devised to be exactly solvable at I'=2.

Since at I'=2 we have at hand a solvable model, it is worth to study it
further. The present paper is a sequel to Gaudin’s work. In Section 2, we
review his lattice model and supplement his results on several points. In
Section 3, we consider a related model of charged point particles moving
along an array of equidistant parallel lines. In Section 4, we study the
continuum limit (small lattice spacing) and apply the results to a system of
charged, hard disks at low density.

In Appendix A, we describe a modified Debye-Hiickel theory, which is
valid for the lattice model in the weak coupling limit "— 0. In Appen-
dix B, we revisit the equivalence of the Coulomb gas and free Fermi field
models, at I =2.

2. THE GAUDIN MODEL: REVIEW AND COMPLEMENTS

2.1. Definition of the Model

In a lattice model no collapse can occur. In order to handle the
charges according to their positions in an easily tractable way, Gaudin‘®
introduced two interwoven sublattices X and Y, arranged as shown in
Fig. 1. Positive (negative) particles of charge e (—e) sit on the sublattice X
(Y); each site is occupied by no or one particle. The position of the ith site
is defined by the complex number z,=x,+iy,, in terms of its Cartesian
coordinates (x;, y;). The interaction is —e”In(|z;—z,|/a) between two
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Fig. 1. The Gaudin model. Each site of the sublattice X (crosses) can be occupied by no or
one positive particle; each site of the sublattice Y (dots) can be occupied by no or one
negative particle.

particles of the same sign and e’In(jz,—z,|/a) between two particles of
opposite sign.

2.2. Grand Partition Function

Gaudin showed that, at I'=2, in terms of a fugacity parameter /, the
grand partition function Z has the remarkably simple structure

In Z =Tr[In(1 + /K)] (2.1)

where K 1s an anti-Hermitic matrix, the elements of which are labeled by
the sites and of the form
af{z;,—Z;) if sites i and j belong to
(z Klz;p = different sublattices

0 otherwise

Incidentally, this structure is very general and does not depend on the
detail of the lattice geometry (it is only necessary to assume that one of the
sublattices is invariant under a symmetry with respect to some axis).

The eigenvalues of K are +i |ia(k)|, where h(k) is the Fourier trans-
form of {(x;+iy,| K0} calculated on the lattice. Therefore, the pressure is
given by

1 4’k .
ﬁpzﬂlgnoc—ln2=j$(—27r—)—z—ln[l+l (k)2 (2.2)
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where 2 is the lattice area and # the first Brillouin zone. With the
geometry of Fig. 1, # is such that —n/w <k, <n/w, —nt/0 <k, <nt/w,
and

2a W
k £ - N —1
hk) ;1 cu(m—l—inr‘)eXp[ ‘2 (ke +k,me )}
(m,n’odd)
2 K -1
=ik [sd <—9 (k. + ik, ); k)] (2.3)
» n

where sd(u; k) =sn(u; k)/dn(u; k) 1s an elliptic function of the complex
variable u, with the usual notation of Jacobi; its periods K and 7K and its
modulus & are determined by the ratio 7 of the sublattice periods. Rescaling
Ainto u=2(a/w) tKA and k, + ik, into ¢ + in = (Kw/n)(k, + ik,), one finds
the pressure

1
T aK20?

K K
b J e danmlieplsd@ bl ] 24)

and the density

2

_appy 1k K H
pP=HU 6,” —2K2602 j—.K dé j—fK d” M2+|Sd(€+”’],k)!2 (25)

The equation of state is determined by (2.4) and (2.5).

2.3. Correlations

The structure (2.1) of InZ enables to calculate the correlation
functions of any order. One uses the standard method of introducing a
fugacity A(z;), which depends on the site. Then, (2.1) is replaced by

In Z=Tr[In(1+ A4)] (2.6)

where the matrix 4 has elements

(zil Az;5 = Mz)<Z| K|Z;) (2.7)
with
Z,=z, if site / is a positive one
£=1z, if site / is a negative one

(Z is the complex conjugate of z). Let p, be the maximum density for the
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particles of one sign (with the geometry of Fig. 1, p,=1/w?). Using (2.6)
and

Mzp) 7zl A |z, =6, . zd 4 |z,) (2.8)

dA(z,)

one finds for the density of particles of one sign (number of such particles
per unit area)

i
=p,Mz,)=——1nZ = p (7|

aA(z,) o= 1+)1r<l 20 (29)

d
2

[It is easy to see that (2.5) is in agreement with (2.9).7 Using

0 1 _ 1 f)A 1 (2.10)
oMz ) 1+ 4 1+ Adi(z) 1+ 4
one finds for the truncated two-body density
62
(2)7T a2
o Z2y,2;)=pi Mz ) Mzy)) =————+—In Z
(z1,22)=p 1) A 2)5/1(21)5/1(22) ey
= *p2<~ | ———12,><2 21 | 1) (2.11)

1+/1K

By successive iterations, one finds for the truncated n-body density

p(n)T(Zl>Z2a'"7 Zn):(“)n+l Z B(Z,-l,ZI-Z)"'B(Z,-",Z,-l) (212)

(12 in)

where

B(z; 2)) = p K2l =% 12 (2.13)

I+AK

and where the summation runs over all cycles (i;i,---i,) built with
{1,2,.,n}.

This cyclic structure is similar to that in the case of the two-dimen-
sional one-component plasma'” at I'=2.

The matrix elements (B functions) in (2.9), (2.11), and (2.12) can be
obtained by using the eigenvectors (plane-wave-like) and eigenvalues
+i{h(k)| of the matrix K. Instead of z,, it may be convenient to use the
notation r,=(x,, ;)= (Re z;, Im z;) and a subscript e, which is + (—) if
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the site at r; belongs to the positive (negative) sublattice. One finds for the
B functions

B, (r,r)=B_ (r,1)

i)

d’k A2
_j (2n) )2+|f(k)l2€’xp[lk'(ri“‘rj)] (2.14)

+ (l‘,, 1)— ~+( )
[ Pk AfK)
(27)* A%+ | f(K)]

where f(k)=1/a(k) [see (2.3)]. When convenient, we shall use the
notation

sexplik - (r;~r;)] (2.15)

T
pg’:gz ---e,,(rl 1 025y rn)

for p"7(z,, z,,..., 2,,).

Since B, . is real and symmetrical, p
hand, p™7 is real, positive.

In the limiting cases considered in Sections 3 and 4, it will be shown
that the truncated densities (2.12) have an exponential decay for large
space separations. We conjecture that this exponential decay holds in
general.

@7 is real, negative; on the other

2.4. Sum Rules

The correlation functions are expected to obey a variety of sum rules.
Of very general validity is the compressibility sum rule, which reads
here

5 0
p—zp“” o) =hgg=p=p s (2.16)
s

This rule can be verified by using the structure of (2.9) and (2.11), but
actually it is a consequence of the expressions of p and p®7 as derivatives
of In Z with respect to A(z;). The compressibility sum rule can readily be
generalized to higher order truncated densities.

Another class of sum rules is associated with the existence of screening,
a fundamental property of a conductor. Checking that these sum rules are
satisfied (and they are!) provides a test that, at /"= 2, the system is indeed
in its conductive phase (the existence of exponential decay for the
correlations being another indication).
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A first screening rule states that a particle of the gas is screened by the
other charges; thus, the charge—charge correlation function obeys

[ Z pPI(r,, r)— Z pDT(x,, rj):l = .-g (2.17)

(5’/—31) (e]?éel)

@7 in terms of the B

This rule can readily be verified by expressing p and p
functions (2.14) and (2.15).

The assumption that an external test charge is screened by the gas
results in a second screening rule, the Stillinger-Lovett rule,®) which

involves the second moment of the charge-charge correlation function:

2
p—|: Z ) T(rl7 j)(r Z p(Z)T r;, j ( ri)z]
(ejie,) (C’/?"E:)
2 1
=~ a (2.18)

Introducing again the B functions (2.14) and (2.15), we can write the left-
hand-side of (2.18) as

I —2J d’k 22V f(k) -V, f(K)
2 (2n)* (A +1f(K)%)

(2.19)

where f(k) = 1/h(k) is defined by (2.3) and therefore is an analytic function
of k. +ik,. Using for f(k) the simpler notation f(k, +ik,), we obtain

72 12
1=-2| k. dk, 24|11 (2.20)
B

2r)* (A+1117)

We can now make a change of variables from (k,,k,) to (P=Re f,
Q=1Im f). The Jacobian of this transformation is |f’|%, and, up to a
multiplicative constants, f is the elliptic function sd, which provides a
one-to-one mapping from the domain # onto the whole complex plane.
Therefore, (2.20) simply becomes

TS Rl dP dQ 22 —_1
I= 2_[_00 j_m (27-5)2 (12+P2+Q2)2" T (221)

which proves (2.18).
Moreover, since

(0/ok ) f(k,+ik,)= —i(8/0k,) f(k, + ik,)
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if in (2.18) we split (r,—r,)* into (x;— x;)* and (y,— y;)> each term gives
the same contribution to I Therefore, the charge—charge correlation
function carries no quadrupole moment, even when the lattice is not
symmetrical in x and y (r#1). This absence of quadrupole moment is in
agreement with more general screening rules.®’

The conclusion of the present section is that the lattice model of the
Coulomb gas obeys the screening rules of a conductive phase at I"'=2. The
screening, which is a long-range effect, is not spoilt by the short-range
forces simulated by the lattice.

2.5. Particle-Hole Symmetry

In a lattice model such as the present one, with a maximum density
2p,, we expect the densities p and 2p,— p to be related by a particle-hole
symmetry. We can show that indeed the correlation functions have very
simple symmetry properties under the transformation p — 2p,— p.

Using the relations

sd(é+in)= —sd(—<¢—in)=sd({—in)

we can rewrite p and the B functions as integrals on one quadrant of % [in
(2.14) and (2.15) we use r= (x, y) for r;—r,]:

2 K K 1
p=w ) €l e O®)

B _ 1 (Kdéj‘ﬂ(d 1
R T N we e T R
n T
e v 2.2
xcos(Kw6x>cos<Kwny> (2.23)
1 K K u !
B =— | d s
=5 |, €l M=

X {sd(f + in) sin [fna—) (Ex+ ny)]

+ sd(& + in) sin [R%(fx—ny)}} (2.24)

In (2.23), x/w and ty/w are integers; in (2.24) they are half-integers. The
maximum density 2p,=2t/w? is obtained as u— co. Since, under a
symmetry with respect to the point (K/2) + i(7K/2), sd obeys the relation
i1

 kk' sd(u)

sd(K + itK — u) (2.25)
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[k’ is the complementary modulus (1 — k?)?], it is readily seen that, under
the transformation u — 1/kk’y, p is transformed into 2p,— p, while

B, ()= (=12t B (r; 1kk'n) (2.26)
B, (nu)=i(—)*"=" B, (r; /kk'y) (2.27)

Therefore, the n-body truncated densities are simply unchanged if # is even
or change sign if n is odd, as expected.

The lattice is exactly half-filled (p =2p,—p) at the symmetry point
u?=1/kk’. For this value, one finds that B, , and p'?7 vanish on the
sublattice where (x +ty)/@ is even, while p‘Z7 remains negative on the
other sublattice where (x+1y)/w is odd. This means that like particles
show some (imperfect) tendency to order themselves in a superlattice,
occuping one site out of two.

3. PARALLEL LINE MODEL
3.1. Definition of the Model

It would be more convenient to have a solvable model in terms of
elementary functions only. In Gaudin’s lattice model, the appearance of an
elliptic function reflects the double periodicity of the lattice in both the x
and y directions. We found that this elliptic function is replaced by a
trigonometric function if we slightly aiter the model in such a way that it
has a finite periodicity in only one direction. This simplification can be
made without bringing about any divergence, by considering a model in
which the charges of the same sign are constrained to move on lines which
are parallel to the y axis, with the positively and negatively charged lines
alternating and separated by the distance /2. On this more tractable
model, we are able to study in some detail the asymptotic behavior of the
correlation functions and its dependence on the density.

3.2. Pressure, Density, and Correlation Functions

The line model may be obtained from the lattice model by making the
length of the primitive cell edge parallel to the y axis go to zero. The grand
partition function still has the remarkable structure (2.1) and the pressure,
density, and correlation functions are given by (2.4), (2.5), (2.11), (2.14),
and {2.15), where (k) now reads

+o 2 a w
hik)= Zdy— —7
(k) Y wady% iyexp[ z(zkxm+kyy>:|

m
(m odd)

—1
-k, [sing (k,+ iky)} (3.1)
w 2
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1/2

Then, rescaling A into z=2a2"*ni/w, we find for the pressure

(™ dk, +=dk, 2 -1
Bp_f-n/w 2 Lo 2 In[1+2%(ch wk, —cos wk,)~']  (32)

After integrating over k,, we find for the density

p=——4—22j+w dy [(ch 20+ 22)— 1112
7'1:(02 0

2 . 2 1/2 471/2
WZZF<SIDI[—2—+‘?:| ,I:I‘ZZ:l ) lf 22<2

= 2 22 2 4712 (3.3)
= in~!| —— - if 22
i 2F <sm [2 +22] , [1 24} > if z222

where F(o, k) is the elliptic integral of the first kind; the two expressions
(3.3) define the same analytic function of the fugacity z, in different
domains. The truncated two-body densities are

pPT(x, y)=p

11, (= 1
R {fw @ 177

x [G(a) ]/ exp (z’tx% y)}z (3.4)

2T(x, y)

and
pPT(x, y)=pDl(x, y)
11 z2 J+°0dae“[G(d)]”z~€““[G(0‘)Jrl/z
et 2 | [g(a)”—17""

2

(3.5)

x [G(a) ] exp (z’cx 2 y>
®

where g(a)=ch 20 +z* and G(a)= g(a)— [g(x)*— 11" For the same
reasons as in Section 2, the sum rules are satisfied (in particular, the two-
body truncated density carries no quadrupole moment, in spite of the high
anisotropy of the model) and the system is in a plasma phase at "= 2.

3.3. Asymptotic Behavior of the Two-Body Correlations

For studying the asymptotic behavior of the correlation functions, we
have to distinguish two cases, namely whether r is in the direction perpen-
dicular to the lines or not.
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(i) In the first case, p@7(x, 0) is given by (3.4) with y=0; g*(a) —1
does not vanish on the real axis and G(«) is maximum at «=0. This
maximum governs the asymptotic behavior, which turns out to be a mere
exponential decay for every fugacity z:

nr 1 z’ 1 B ﬂ
( ) (x ) 1x|:oo - %mﬁw:% |x‘ CXp( ll(Z)> (36)

where
—1

l(z)— in = HERIC +2)2 ]

On the other hand,

PIT(x,0) 1~ —pPI(x,0)

|x|-—>oo

At high density, the fugacity z goes to infinity, the average distance
between particles on the same line is

{d>=2/wp ~ mnw/in(2z?)

whereas

I(z)  ~, w/[21n(2z%)]
Thus the correlation length along the x axis is proportional to the average
distance between particles along a given line in the y direction.

(ii) In the second case, that is, when the angie 6 between r and the
normal to the lines does not vanish,

QT(y, )= — (ml) ) 44 {jﬂo " exp[2rF{a, (9)/00]}2

P e [g@P-177
1 22|+ exp[2rF(a, 0)/w]
P20 0= 3 ||, ey

where A(a)=e*[G(2)]"? —e *[G(x)]¥* has no singularity. It can be
checked that the contribution of possible saddlepoints on the cut
originating from a zero of g(«)? — 1 has a faster exponential decay than the
contribution of the branch point. Of course we have to take into account
only the branch points with a positive imaginary part which are closest to
the real axis, as shown on Fig. 2. After calculations, we find correlation
functions whose behavior changes when z* = 2:
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Fig. 2. Location of the branch points and cuts near the real axis, in the « complex plane (in
the upper half-plane), for different values of the fugacity. These branch points determine the
asymptotic behavior of the correlation functions. For z? <2, only o, contributes; «; and «; get
closer to each other as z?> - 2. For 22 =2, a, o3, and a, all contribute; &, is a pole that results
from the coalescence of the branch points «; and «,. For z2>2, ay, a,, oy and a4 all
contribute.

If z2<2

. 1 3 1 |yl
N s Mo re"p<“ zz(z>>

pRT(x, y) ~ —p@I(x, )

r— oo

(3.7)

where

w

L) = s =)
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If z2=2

L B4
P73, x, ~4erp

2min

{ _<2> *cos{n/4+ [(ch~ ‘3)/w]|y|}}

2 (r/w)'?

2

(3.8)

(2)T()C y) ~ éexp<_ l‘y| >

2min

EEES

where ;. = w/2n. We still have

lim Lo PT(x, p)p' Pl (x, )= —1

but now the oscillatory corrections to [ —p®77"2 and [p27]' are shifted
by a phase factor n/2.
If 22>2

2,1 Iyl
@r ~ =23 -
,0++(x’ y)raOO ﬂjz a)srexp< ZZmin>
1 ch’l(zz—1)| |-Z
. (z2—=2)" °o° @ T

Lo [o@sn e
Ty R © T3

2 .1 |yl
b ), 2, 20 -

r— oo .
T 2min

X { ! sin? [Ch;l(zz_l)l)’i—z}
(22 =2)? ® 4

1 S.zch‘l(zz—H)lH_E
TE " PR

When z? <2 the correlation length /, is a decreasing function of the
density. At z* =2, [, reaches a minimum value w/27 which only depends on
the spacing between the lines, and /, keeps that same value at higher
densities; thus, the decay is sensitive to a microscopic feature, namely the
period of the line array. Furthermore, when z? < 2 the correlation function

3.9)
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behavior is a mere exponential decay, whereas at z°=2 an oscillatory
correction appears [and the decay is exp(—|y|/l) instead of
r~"exp(— |y|/l)]; for higher densities, p®7(x, y) [p@®7(x, y)] has an
oscillatory exponential decay with four (two) f{requencies Q(z)=
(2/w)ch ™1 (z2—1), Q'(z) = (2/w) ch~'(z>+ 1), (2 + 2')/2, and (2" —Q2)/2
(Q and '), the first three being increasing functions of the density. When
z» 1,

Qz) ~ Q'(z) ~ (2w) In(22%) ~ 21/ d>

When the average distance {d) between particles on the same line
becomes negligible compared to the spacing ® between the lines, the
periodicity of the oscillations involves the average distance {d) (which also
is proportional to the correlation length /; along the normal to the lines).
There is a tendency to a kind of damped crystal ordering, not unlike what
happens in a related one-dimensional model.'?) Incidentally, we recover
this one-dimensional model (particles of the same sign on one line) by
taking the limit z — oo at fixed (4> and y; this implies w — oo, ie., the
other lines go away to infinity. Then, the limit of the two-body truncated
linear density is

1 —cos(2ry/{d>)
2n2y2

hm [’pPT(0, y)]= — (3.10)

and this indeed is the one-dimensional result.

Finally let us consider the low-density limit (which will be further
studied in the next section). Then z and w go to zero in such a way that
Iy(z) =2~ *w/z remains finite. If we first make r go to infinity and then z to
zero, we obtain

L1 Iyl)
)T N A~ — e _
Ip ( ¥ TR eXp< A

L x| (3.11)
X
T (5. 0)] ~ — ——s A
o200~ e ()
whereas if we first make z go to zero and then r to infinity,
P DI~ g ren (1) (312)
M 87 (20o) lo

Thus the two limits do not commute and only the first procedure keeps a
memory of the anisotropy of the initial discrete model.
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The motion of the branch points discussed with regard to Fig. 2 has
some similarity with a possible mechanism? for the appearance of
oscillations in the correlation function of a three-dimensional plasma.

4. THE CONTINUUM LIMIT

As the lattice spacing o goes to zero, the lattice model is expected to
go over to a simpler continuum model, in which a particle can occupy
any position in the plane. The dimensionless parameter that describes
the density is pw?; thus, the small-w limit is also the low-density limit
considered by Gaudin.® In terms of the dimensionless fugacity p, it is a
small-p limit.

4.1. Density and Pressure

For studying the continuum limit, we introduce a rescaled fugacity
m = nu/Kw = 2nati/w?;, m has the dimensions of an inverse length, and
m ! will be found to be a correlation length. It will be convenient to study
the limit w —» 0, u — 0 at a finite value of m. The density (2.5) can also be
written as

e f d’k T

» (21) 12 + |sd((Ko/n )k, + ik,))|? (4.1)

At small g, the integral in (4.1) is dominated by the small values of |sd|?,
which are obtained for wk small; since, for small u, sd v ~u,

2] Ak _m 42
R Ay e Sy (4.2)
For obtaining a finite result, it is necessary to keep in (4.2) the cutoff in k
space at k ~ 1/w. The appearance of a divergence when o is strictly zero is
of course related to the collapse of pairs discussed in the Introduction.
Keeping the cutoff, one finds

m2

p=——[1n%+o(1)] 4.3)
2n moow

where C is a numerical constant. A result of the form (4.3) can also be
obtained starting from the line model. It should be noted that, in the
present low-density limit, pw? —0 and pm~>— oo, namely the average
interparticle distance becomes large compared to the lattice spacing (low
density), but it becomes small compared to the correlation length (despite
its tendency to collapse into bound pairs, the system manages to have

822/49/1-2-4
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screening properties, but many particles are needed for achieving the
screening of a given particle).

The pressure can be obtained either from (2.4) or by integrating p =m
d(Pp)/om, with the result

m? C
ﬂpzﬂ[lnm-}-lﬁ-o(l)] (4.4)

Both p and fp depend on the cutoff w and diverge if w — 0 at fixed m.
However, the ratio fp/p has a well-defined limit

Bp/p —1/2 (4.5)

This result (4.5), at I'=2, is in agreement with the equation of state for
point particles at I'< 2, obtained from a scaling argument"’

Bp=p(1—17/4) (4.6)

4.2. Correlations

In contrast to the one-body density (4.3), the n-body truncated den-
sities (n=2) have the very remarkable property of going to well-defined
limits as the cutoff @ vanishes for a fixed m. The B functions (2.14) and
(2.15) simply become, in terms of integrals on the whole k plane,

B++<r)=j(§';m"szexp< ik-1)
2 Ko(mr) (4.7)
f(;l;l;zm m’ +k2k exp(— k-1
= —’;—n [exp(—i8)] K, (mr) (48)

where r=r;—r, and # is the polar angle of r; K, and K, are Bessel
functions. The two-body truncated densities are

pPI(r) = —(;”—n) K3(mr) (49)

p27(r)= < 2>2 K3(mr) (4.10)
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They have exponential asymptotic behaviors as r — cc:

m
—p‘ff(r)~p@f(r)~%e_ " (4.11)
and therefore m ! is indeed a correlation length. Higher order densities can
also be obtained in terms of the B functions (4.7) and (4.8), by using (2.12).
The simple forms (4.7) and (4.8) could also have been obtained by
using the equivalence between the Coulomb gas at I'=2 and a free Fermi
field* (see Appendix B).
The logarithmic behavior of p?7(r) at small r can be understood as a
limiting case of the >~ 7 behavior"*'*) which occurs for 1 <I'<2.

4.3. Charged, Hard Disks

We expect the properties of a Coulomb gas at low density to be insen-
sitive to the details of the short-distance cutoff. Therefore, the results in this
section, starting from a lattice model, should also be applicable to a system
of charged, hard disks of diameter ¢ in the limit where po” is small. Only
the constant C in (4.3) and (4.4) will depend on the details of the cutoff.
Thus, we consider a system of charged, hard disks at I'=2 and at low
density, with the purpose of computing the internal energy and the specific
heat.

We make the heuristic assumption that the leading terms in the low-
density expressions of the density, energy, and specific heat are correctly
given by using the zero-density correlation functions (4.9) and (4.10)
outside the hard core; of course, inside the hard core, the two-body
untruncated densities just vanish.

Our control parameter is the fugacity m, in terms of which the
one-body density can be obtained by using the perfect-screening rule (2.18),
which reads here

p=2 " 2mdr r[p@7(r) = pPL(r)] (4.12)

Using (4.9) and (4.10), we find

2

2
pzin;[ln%—y—Fo(l)} (4.13)

2 This equivalence has been nicely explained by Nicolaides.!* However, Nicolaides has
defined renormalized quantities whose physical meaning is not apparent, at least to us.
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where y =0.5772 is Euler’s constant. Equation (4.13} is indeed of the form
(4.3), with o now playing the role of w. The pressure (4.4) can be written

Bp = p/2 +m*/4n + o(1) (4.14)

It can be checked that (4.9), (4.10), (4.13), and (4.14) satisfy the virial
theorem

Bp=1tp+no?[p21(c) + pP(0) + p*/2] (4.15)

and the compressibility sum rule

dp 2 )T @r
pmﬁp+2fdr[p+,(r)+p++(r)] (4.16)
up to the requested order m>. We also find
hy (0)=(2/p)* pPT(0) = —1+0(1) (417)

as expected because of the Coulomb repulsion.
The excess internal energy per particle is

u_(1/p)j 2n dr r[p@7(r) — pP7(r)] €* In(r/a) (4.18)
Using (4.9), (4.10), and (4.13), we find
u=te*[In(2o/ma) —y + o(1)] (4.19)

The excess specific heat at constant volume, per particle, is

B[ miLapu)om],)?
& p{( oF >m+ Gpjam); } (4.20)

The second term in (4.20) appears because, at constant volume, the
fugacity m varies with the temperature; this term can be computed by using
(4.13) and (4.19). As to the first term in (4.20), it can be expressed as a
fluctuation of the potential energy, which can be written in terms of the
truncated densities:

1 (9(pu)
'?< op >m

= [ & [T + p 27 (1] (ln 2)
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+2 f LAy [pQ (v, 1)+ P _(ry, 15, 15)

—2p3T (1,r2,r3)]1nr121 fs
+%Jd2r2 dry d’r, {pf)f++(r1, ry, T3, 0+ p 7 (1, 1,13, 1,)
+2p07, (rl7r27r3>r4)_—4p(f)-{+(rl’r2’r3yr4)+4lj OT(r, 13)
8w + 5300, 1) || A ) =970 )
+g§(r2—r4):]}lnr~;«zln%—4 (4.21)

By inspection, it can be seen that only the first integral in (4.21) gives a
contribution to ¢, that is not o(1). Using (4.9) and (4.10), one finally finds

1 2 2 2 1 1

The neglected terms in (4.19) essentially come from the hard core of a
third particle, and they are expected to be of order po® (times, perhaps,
some logarithm), while in (4.22) we have neglected terms of order
(Inom)~'. These theoretical low-density results can be compared to
numerical values obtained in a recent simulation."® This is done in
Table I. It should be noted that, even for the lowest densities used in this
simulation, although po? and m?%s? are very small (~10~?), the logarithm

Table i. Excess Internal Energy per Particle and Excess
Specific Heat per Particle?®

ufe’ cy
20.2/4
npoi/4 (theory) Theory Simulation Theory Simulation
5x107%  1.2806x 10 0.976 0.972(5) 1.4 20(2)
5x1073 1970 x 103 0.634 0.639(2) 0.3 0.9(1)

“The zero of energy is determined by the choice a=g.
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of 2/mo is not much larger than 1. This explains why the energy (4.19) is in
excellent agreement with the simulation results, while the specific heat
(4.22) is not so good for these finite densities.

5. CONCLUSION

For a system of point particles (no hard core), a collapse occurs for
I' 22, and the internal energy per particle becomes divergent. However, the
specific heat per particle is expected”) to remain finite for I">2, and is
given by an independent pair description; its excess value is

cy=1+Y1-2/I)2 (5.1)

A similar expression should also be valid, asymptotically, as /"— 2. Thus,
the specific heat has an infinite peak at /'=2.

When a hard core is introduced, no collapse occurs, and /'=2 is no
longer a singular point. However, at low density (po” small), the specific
heat still has a (now finite) peak near I'=2 [increasing po” rounds this
peak more and more, are seen in the numerical simulation"*]. In the
present paper, we have computed ¢, at I'=2 for small pa®. The leading
terms of u and ¢, can be obtained very simply by the same independent
pair description that leads to (5.1); one just writes the partition function of
a pair as

J &rexp[ — I'n(r/a)]

g<r<m!

where an upper cutoff has been made at some correlation length m~". This
pair model also gives the equation of state fp = p/2.

Nevertheless, at I'=2, the system is a conductor. The correlation
functions obey the screening sum rules and they have an exponential decay
at large distances.

Thus, at I'=2, the two-dimensional Coulomb gas exhibits com-
plementary features. It has the energetics of paired particles and the
correlations of an ionized system.

APPENDIX A

We come back to the lattice model, now in the weak coupling limit
I' - 0. For dealing with this case we build a kind of Debye—Hiickel theory,
suitably modified, however, for taking into account the existence of a
maximum total number density 2p,.
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In terms of a fugacity A, the average occupation number of a site is
n=A/(1+1) (A1)

If now a positive particle is fixed at the origin, the average eclectrostatic
potential on the site at r is changed by ¢(r) and, in a mean-field theory
approach, the average occupation number of this site is changed by

1 1

on(r) == expltped (] +1 A 1+1

(A2)

[the + sign in (A.2) must be taken as + (—) for a site on the positive
{negative) sublattice]. Linearizing (A.2) with respect to ey, we find

Lon(r)=n(1—n) fey(r) (A.3)

The following is the same as in the standard Debye—Hiickel theory. Since
the correlation length will turn out to be large compared to the lattice
spacing, we can write the same Poisson equation as in the continuum

AY(r)= —2nl[e d(r) L ep, on(r)] (A4)
and we obtain from (A.3) and (A.4) the usual equation

[4+x*]¥(r)= —2me §(r) (A.5)

1

except that the Debye length x ' is now defined by

K?=2nfe’p(1—p/2p,) (A.6)

This expression clearly exhibits the expected particle-hole symmetry. The
correlation length x ! is minimum for a half-filled lattice.
The solution of (A.5) is the two-dimensional Debye screened potential

Y(r)=eKy(xr) (A.7)

APPENDIX B

The equivalence between the two-dimensional Coulomb gas and a
Fermi field model is usually proved through their common equivalence to
the sine-Gordon theory.®>!'¥ In this Appendix we directly show the
equivalence between the Coulomb gas and a free Fermi field, at I'=2.

The key point is that, in the continuum limit, the matrix K in the
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grand partition function (2.1) of the Coulomb gas is very simply related to
the operator 70, (here represented as 6,0, +0¢,0,) of a fermion in a two-
dimensional Euclidean theory. In the continuum limit, it is convenient to
introduce isospinors and to characterize a positive particle located at point

z by
rz>®<(1))

zz>®((1))

In this notation, the operator K and a related operator K are represented
by?

and a negative particle by

. . .. o.tio,atw™? o¢,—ig,atw "’
(z) Klz;> =<2 K|Z;) == - . (B.1)

2 z;—z 2 -z

where the ¢ are Pauli matrices operating upon the isospinors. By taking the
Fourier transform of

[ - i(a,\’kx + O-yky)] -t = i(o-xkx + o-yky)/(kac + k%)
it is straightforward to show that

K=2narw~¥6,0,+0,0,) " (B.2)

Now, with a fugacity that depends on the position and charge [4, (z)
and A_(z) are the fugacities of the positive and negative particles,
respectively ], the grand partition function (2.6) of the Coulomb gas can
be written as

Z=Det{1+ 4}

1+o0, l—o,

2

+4_(z)

= Det {1 + [,uz,.) } (z| K |z,>} (B.3)

3 A factor Tw 2 appears when discrete sums are replaced by integrals in the continuum limit.
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or, using (B.2),

40, -0,
Z=Det{[ax6x+oyay+m+(r)—j—;i+m*(r) 2“‘]

x (UX6x+ay5y)‘l} (B.4)

where m , = 2natw 24 is a rescaled fugacity. On the other hand, the par-
tition function of a Euclidean two-dimensional Fermi field with an external
coupling that distinguishes the two components of its spinors is

Ze[m]= j Dy DY exp {J dry [axﬁx +0,.0,

i+o. -0,
+ 5 m(r)+ 5 m*(r)]vﬂ}

140, {—0.
=Det[ax(?x—{—Uy6y+—2—61m+(r)+—2—a‘m_(r)} (B.5)

where Y and  are two-component Grassmann variables, and therefore the
equivalence relation is

Z=Zeg[m]/Z[0] (B.6)

The two components of the spinors of the Fermi field correspond to the
two components of the isospinors of the Coulomb gas.

The correlation functions of the Coulomb gas are obtained by taking
derivatives of In Z with respect to 4, (z), while the Green’s functions of the
Fermi field are obtained by taking derivatives of In Z with respect to
m . (r). The basic B functions (4.6) and (4.7) of the Coulomb gas are the
propagators of the Fermi field, and the correlation functions of the
Coulomb gas can be expressed in terms of cycles of B functions as the
Green’s functions of the Fermi field can be expressed through Wick’s
theorem in terms of cycles of propagators.
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